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Stability and Control of an Atmospheric
Tether with a Lifting Probe

Brian Biswell¤ and Jordi Puig-Suari†

Arizona State University, Tempe, Arizona, 85287­6106

This paper explores the stability and control of an atmospheric tether system that includes a lifting probe with a
moveableattachment point.The dynamics of the system with the tether modeled as a rigid rod are linearized about
equilibria for circular equatorial orbits. Examination of the eigenvalues of the linearized system shows that there
is always at least one unstable mode that needs to be controlled. A linear control system that uses the attachment
point motion and thrust at the orbiter as inputs is shown to be suitable for the conditions considered. The system
is also controllable with any single control input.

I. Introduction

I N recent years many applications of tethered satellite systems
for atmospheric research have been proposed,1¡4 both on the

Earth and on other atmosphere-bearingplanets in the solar system.
Tethers provide many bene� ts over other means of atmospheric
research. For missions around the Earth, they are especially useful
at the middle altitudes (about 100­200 km), which are too high for
aircraft to reach and too low for sustained study by normal satellites
because of drag effects. By tethering a probe to an orbiter that is
maintained above the sensible atmosphere, long duration studies
of these regions can be made. Tether systems can also be used to
obtain atmosphericsamples from other planets, to be studied in situ
or returned to Earth for further analysis.3;4

For a successful atmospheric tether mission a means of control-
ling theprobealtitudeshouldbe considered.Proposedcontrolmech-
anisms have included adjusting the length of the tether4 and using a
hypersonic wave rider.5;6 The adjustable length mechanism is very
slow, generally taking hours to make adjustments, which makes it
unsuitable to counter fast perturbations. The wave-rider proposal
uses standard aerodynamic control surfaces that add complexity to
the probe and have limited control authority.

The authors have previouslyproposed using a lifting-bodyprobe
controlled by means of a moveable attachment point.7 The probe
provideslift that can be used to control the depth of the probe within
the atmosphere. In addition, lift on the probe can signi� cantly re-
duce the length of tether required to penetrate the atmosphere. The
moveable attachment point is a simple mechanism, which can be
implemented by means of a worm-gear drive or adjustable hawsers
as on a kite or parachute.

In Ref. 7 the range of equilibria for various tether lengths and
attachmentpoint locations for a Mars sampling mission is explored.
In thispaperwe considerthe stabilityandcontrolof this atmospheric
tether system. The results include a controller design for the system
using the tether attachment point motion as the sole control input
with constant thrust applied at the orbiter.

II. Rigid Nonlinear Model
A typical tether system is composed of an orbiter connected to

the atmosphericprobe by a long � exible tether. The complete math-
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ematical description of this system is quite lengthy8 and unsuitable
for analytical control system design. For this reason a simpli� ed
model is developed that can still provide an understanding of the
fundamental behavior of the system. This simple model is based
upon the full three-dimensional � exible-elasticmodel described in
Ref. 9, but with many simpli� cations (see Fig. 1).

First, the motion of the system is restricted to the orbital plane.
The orbit is assumed to be equatorial, which removes any atmo-
spheric disturbances that would create out-of-plane motion. Previ-
ous results9 clearly show that these disturbances are small even for
nonequatorialorbits, and so can be reasonably ignored.

The orbiter is modeled as a particle for computation of gravity
effects, although drag forces are neglected. The gravitational force
on the orbiter is

FG D ¡¹m=R2 (1)

where ¹ is the gravitationalparameter of the planet and m and R are
the mass and orbital radius of the orbiter, respectively. Any thrust
required by the tether system (to counter drag effects, for example)
is applied at the orbiter. We assume that both the magnitude and
direction of the thrust vector can be modulated.

Next, the tether is modeled as a single rigid element. This ap-
proximation is valid for a variety of atmospheric tether systems.1¡4

Elasticity, modeled by a spring at the end of the rod, decreases the
stability of the tether system.5 However, the inclusion of a lifting
body at the probe can counter this effect,9 and so, here, the spring
has been omitted from the model to reduce complexity.

The calculation of the drag forces acting on the tether requires
special consideration. The density of the atmosphere varies along
the entire lengthof the tether.In addition,each point on the tetherhas
a differentvelocitywith respect to the atmosphere.No analyticalso-
lution is known for the exact expressionof the drag integrals, and so
the approximation developedby Biswell et al.9 is used. This model
assumes that the wind direction is constant along the entire length
of the tether and that the drag force acts normal to the tether every-
where. The resulting approximate expression for the tether drag is

FDt D ¡ 1
2
CDt½d.I0! £ B1 C I1! £ B2/.v £ Ob1/ (2)

where CD is the drag coef� cient of the tether, ½ is the atmospheric
density at the orbiter,d is the diameter of the tether, ! is the rotation
rate of the tether with respect to the atmosphere, B1 is the position
vector of the tether attachment point of the probe, B2 is the vector
from the probe attachment point to the orbiter attachment point,
v is the velocity of the center of mass of the tether with respect to
the atmosphere,Ob1 is theunitvectoralignedalong the tetherpointing
at the orbiter, and

In D
lt

0

» ne¡» cos.µt /=H d» (3)

where lt is the length of the tether, µt is the angle between the tether
and the local vertical, and H is the exponential scale height of the
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Fig. 1 Simpli� ed tether model.

atmosphere. By integrating along the length of the tether, the aero-
dynamic moment around the center of the tether is given by

MDt D ¡ 1
2
CD½d[.I1 ¡ xc I0/.Ob1 £ .! £ B1//

C .I2 ¡ xc I1/.Ob1 £ .! £ B2//] (4)

where xc is the distance between the center of mass of the tether to
the center of mass of the complete system.

Similarly, the gravity force and moment producedby the inverse-
square gravitation law need to be integrated along the entire tether
length. However, the analytical expressions for these forces contain
singularities that may be solved, but at the expense of increased
computation time. Therefore, the mass of the tether is split into two
equal point masses, which are located away from the center so as
to duplicate the moment of inertia of the rigid rod. This allows the
forces and moments to be approximatedto within 1%. The resulting
gravity force is computed by summing the contribution from each
of the two mass elements using Eq. (1).

Finally, the probe (Fig. 2) is modeled as a rigid body composed
of a sphere plus a � at plate in order to approximate a general lifting
body. The plate has in� nitesimal thickness that produces induced
drag but no form drag. The sphere is therefore included to model
form drag. For the spherical component of the probe, the drag force
is given by

FDs D ¡ 1
2
½CD Sjvjv (5)

where S is the cross-sectionalarea of the probe.For the plate, knowl-
edge of the orientation with respect to the local vertical-local hor-
izontal (LVLH) coordinate system is required. De� ning the unit
vector normal to the plate as On, the drag on the plate is

FDp D ¡2½S.v ¢ On/jv ¢ Onj On (6)

Note that the effective drag coef� cient of 4 results from the as-
sumption that the plate interacts with the air with full Newtonian
re� ection.9

The attachmentpoint of the tether is assumed to lie on the line be-
tween the c.m. of the probe (coincidentwith the centerof the sphere)
and the c.p. of the plate. The attitude of the probe is determined by
the ratio of the aerodynamic and tension moments about the c.m.
This ratio can be described using the nondimensionalparameter ¸,
which is de� ned by

¸ D r p=rcp (7)

where rp is the distance from the c.m. to the tether attachment point
(a.p.) and rcp is the distance from the c.m. to the c.p. (see Fig. 2).

Fig. 2 Probe detail.

This parameter is zero if the a.p. is at the c.m., positive if the a.p. lies
between the c.m. and the c.p., and negativeif the a.p. is in frontof the
c.m. When ¸ is positive, the angle of attack of the probe is negative,
and the probe generates negative lift, pulling the system deeper into
the atmosphere.Conversely,when ¸ is negative,the probe generates
positivelift andpulls the systemoutof theatmosphere.In thismodel,
when ¸ is zero, the induced lift from the probe goes to zero.

The equations of motion for the system are derived by writing
Newton’s equations for the tether (including the orbiter) and the
probe. These equations are

m t
d2Rt

dt2
D FGo C FGt C FDt ¡ T (8)

m p
d2Rp

dt 2
D FGp C FDs C FDp C T (9)

It
Rµt D Mt C ro £ FGo ¡ rp £ T (10)

I p
Rµp D rcp £ FDp C r p £ T (11)

where It and I p are the moments of inertia for the tether and probe,
respectively, ro is the distance from the c.m. of the tether to the
tether attachment point on the probe, and T is the tether tension
at the probe, which can be eliminated using Eqs. (8) and (9). Note
that because the coordinate system shown in Fig. 1 rotates with the
tether, the derivatives of the radii are given by

d2R
dt 2

D RR C PÄ £ R C 2Ä £ PR C Ä £ Ä £ R (12)

where Ä D [0 0 PÁ ]T is the rotation rate of the coordinate system.

III. Equilibrium Conditions
Figure 3 shows the range of equilibrium probe altitudes achiev-

able by the Mars tether system described in Tables 1 and 2 (these
equilibria are based on the Mars mission proposed by Lorenzini,
et al.3 and are discussed in detail in Ref. 7). Figure 3 shows the
equilibria for the system with tether lengths from 180 to 300 km
and attachment point locations in the range ¡1· ¸ · C 1. The or-
biter altitude is 300 km for all cases, and the system is maintained in
circular orbit. Figure 3 shows that for very short tether lengths (high
probe altitudes) changes in ¸ have little effect on the altitude of the
probe. This result is expected because at high altitude the aerody-
namic effects on the probe are negligible.As the length of the tether
increases, the probe descends deeper into the atmosphere,and aero-
dynamic effects become more signi� cant on the behavior of the
system.
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Table 1 Physical parameters for Mars
and its atmosphere

Parameter Value

Radius, Rplanet 3398 km
Gravitational parameter, ¹ 4:28 £ 104 km3 /s2

Rotation rate, ÄP 7:069 £ 10¡5 rad/s
Reference density, ½0 5:5 £ 10¡8 kg/m3

Reference radius, rref 3507 km
Scale height, H 8 km

Table 2 Nominal system parameters

Parameter Value

Orbiter
Mass, mo 1000 kg
Altitude, Ro 300 km

Tether
Linear density, ´ 0.3 kg/km
Length, lt 180­300 km
Diameter, d 0.5 mm
Drag coef� cient, CDt 2

Probe
Mass, m p 500 kg
Plate area, A p 50 m2

Plate drag coef� cient, CDp 4
Sphere area, As 1 m2

Sphere drag coef� cient, CDs 1

Fig. 3 Equilibrium probe altitudes.

For negative values of ¸, the probe generates positive lift, which
pulls the probe out of the atmosphere. When ¸ D 0, the plate is
edge-on to the � ow, generatingno lift. The equilibriumfor this case
corresponds to that of the traditional spherical probe model. For
small positive values of ¸, the plate generates negative lift, thus
lowering the probe into the atmosphere. However, as ¸ approaches
C1, the probe passes through a transition regime where drag is
the dominant force. At this point the attitude of the plate is nearly
perpendicular to the � ow producing large amounts of drag. This
increase in drag generates torques that rapidly pull the probe out of
the atmosphere.

IV. Linear Model
The nonlinearmodel just presentedcan be analyticallylinearized

using a � rst-orderTaylor expansionabout the circular orbit equilib-
ria. In the system there are eight generalizedcoordinatesof interest:
the orbital radius of the probe Rp , longitude of the probe Á, angles
of rotation of the probe and tether µp and µt , respectively, and their
time derivatives PRp , PÁ, Pµp , and Pµt . These are the eight states of the
linear model. However, the longitude of the probe can be deleted
from the system of equations because it does not affect the motion

when the system is orbitinga sphericalplanet. The derivativeof the
longitudeis the orbital angularvelocity,which is still required,how-
ever. There are three control inputs to the system: the vertical and
horizontal components of thrust and the tether attachment point lo-
cation. Each of these inputs can be modulatedabout the equilibrium
position.

The Taylor expansion was performed symbolically for a general
equilibrium condition using MathematicaTM. The resulting linear
equations were then exported to MATLABTM where various spe-
ci� c equilibria were evaluated. These equations are very complex,
lengthy,and cannoteasilyprovidean analyticalcontrol law. Instead,
one can perform numerical analysis of speci� c con� gurations.

To determine the validityof the linearizedmodel, numerical sim-
ulations of the linear and simpli� ed nonlinear models were per-
formed. The simulations for the tether parameters listed in Table 1
with a tether length of 300 km and a � xed attachment point value
of ¸ D 0:5 are presented here. Figures 4a and 4b compare the re-
sults generated by the linear and nonlinear equations of motion for
a C1-km perturbation of the equilibrium orbital radius. Thrust on
the orbiter is � xed at the equilibrium value. Only the probe altitude
and angle are shown for compactness.The results show that the two
simulations are initially very close, indicating that the linear model
is fairly accurate until nonlinear effects become dominant.

In addition, these results clearly show that the system is unstable.
The radius is increasing exponentially,with the other states follow-
ing suit (not shown), until nonlinear effects dominate. This result
can be easily predicted because the perturbation places the system
at a higher altitude than the equilibrium,where atmosphericdensity

a) Probe altitude

b) Close-up of probe angle

Fig. 4 Comparison of linear and nonlinear system behavior for a 1-km
disturbance to the orbital radius.
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and drag are lower. Consequently, the thrusters are generating too
much thrust, raising the orbit of the system. The opposite effect
would occur if a negative radius perturbationhad placed the system
deeper into the atmosphere.

V. Stability
Given the linear model, the eigenvaluesof the system can be used

to determine its stabilityproperties.For the con� guration simulated
in Fig. 4, the seven eigenvalues are

6:86 £ 10¡4 § 2:22 j

2:51 £ 10¡3

¡1:36 £ 10¡3 § 5:61 £ 10¡3 j

¡2:50 £ 10¡4 § 1:57 £ 10¡3 j

The � rst unstable mode is a rapid oscillatory mode associated with
the probe attitude (Fig. 4b). The second unstable mode is a purely
exponentialmodedominatedbychangesin thealtitudeof the system
(Fig. 4a). The third and fourth modes are stable oscillatory modes.
The third mode relates to the coupling between orbital radius and
angular velocity whereas the last mode represents the coupling be-
tween radius and tether libration. The libration mode has a natural
frequency near

p
3 times the orbital rate (9:5 £ 10¡4 rad/s in this

case), a result predicted by linear analysis of the dynamics of rigid
bodies in circular orbit.1 No and Cochran,6 Keshmiri and Misra,8

and Onoda and Watanabe10 all show similar results for tether sys-
tems at the Earth, even when the orbiter is much more massive than
the probe.

Whereas Fig. 4 shows how one particular equilibrium point be-
haves, it is instructive to look at the behavior of the whole class of
equilibria shown in Fig. 3. By � nding the eigenvalues for each of
the equilibria,we can generate a root locus plot of all of the system
roots vs either tether attachment for a � xed length, or for a range
of lengths and a � xed ¸. The former is the most instructive and is
shown in the following.

We present two cases: a tether length of 300 km, which is indica-
tive of the system behavior at low altitudes, and a length of 210 km,
which shows the behavior at higher altitudes. Each of the plots in
Figs. 5­ 9 show the eigenvalues of the system vs values of ¸ from
¡1 to C1. The roots at ¸ D ¡ 1 are shown with a X, while those at
¸ D 0 are shown with a O. The roots for the ¸ at which the altitude
transitionstarts are shown with a C, and roots for ¸ D C1 are shown
with a *. Because the mode associatedwith the probeoscillationhas
a much larger magnitude than the rest of the modes, its roots are
shown in a separate plot for clarity.

Figure 5 shows the roots of the plate oscillation mode for the
210-km tether. All of the roots before the transition are lightly

Fig. 5 All roots of the probe oscillation mode for the 210-km tether.

Fig. 6 Roots of the plate mode before transition for 210-km tether.

Fig. 7 Roots of the nonplate modes for the 210-km tether.

damped and oscillatory. After the transition they become purely
real. Figure 6 shows a close-up of the oscillating modes of the
plate. The plate is stable for ¸ < 0. As ¸ approaches zero, so do
the eigenvalues because the plate is coming edge-on into the � ow
and the aerodynamic lift is going to zero. For positive ¸ the roots
are initially unstable. However, the mode becomes stable again as
the transition is approached.

Figure 7 shows the remaining roots of the 210 km tether. There
are two oscillatory modes involving the tether libration and system
orbital velocity. The angular velocity mode is the tightly packed
set of roots right along the imaginary axis. Both modes move back
and forth between stable and unstable regions. After the transition
(dotted lines) both modes are stable. The radial mode is purely real,
and it too oscillatesbetween stableand unstable.After the transition
it remainsin theunstableregion.For this tether lengththere is always
at least one unstable mode and as many as � ve for a given ¸.

Figure 8 shows the roots of the plate oscillation mode for the
300-km tether. In general, the behavior is similar to that seen in the
210-km tether. Figure 8 shows that the plate motion is stable for
all ¸ < 0, although extremely lightly damped. As ¸ approachesC1,
the roots become unstable. For clarity, the roots after the transition
(¸ ¼ C1) are not shown on the plot. They are purely real with values
of §0:34.

Figure 9 shows the remaining roots of the 300-km tether system.
The two stable oscillatory modes are the tether libration mode and
the orbitalvelocitycouplingmode.These modeshavea much higher
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Fig. 8 Roots of the plate oscillation mode for the 300-km tether.

Fig. 9 Roots of the nonplate modes for the 300-km tether.

damping ratio than the plate mode (about 20%). The dashed lines
indicate the altitudetransition.After the transitionthesemodes have
a much lower frequency because of the large change in the system
geometry at this point. The positive real root corresponds to the
radialmode,which is unstable.An unexpectedresult is that although
the geometric changes to the system are much larger for the 300-km
tether the changes in the behavior of the system eigenvalues are
more pronounced in the 210-km tether.

These results indicate that there is always at least one unstable
mode (and as many as � ve), and hence some means of control is re-
quired.Although we have shown only two tether lengths, they high-
light thedifferencesbetweenhigh-altitudeand low-altitudesystems.

Overall, the root loci are well behaved over most of the region,
with the exception of the altitude transition and the region near
¸ D 0. At the transition small perturbations or uncertainties in the

A D

0 0 0 9:5e¡4 0 0 0

0 0 0 0 0 9:5e¡4 0

0 0 0 0 0 0 9:5e¡4

¡4:7e¡2 ¡1:1e¡4 8:6e¡4 8:3e¡4 2:2e¡3 1:5e¡5 ¡3:5e¡4

1:9e¡2 3:8e¡4 1:6e¡3 3:0e¡4 ¡8:0e¡5 2:7e¡6 1:0e¡10

3:7e¡2 ¡8:1e¡3 ¡3:2e¡2 ¡4:0e¡2 7:6e¡4 1:1e¡3 ¡2:1e¡8

1:5eC5 ¡5:9eC2 ¡5:2eC3 ¡6:2eC3 ¡5:2eC2 2:3eC2 ¡1:2e¡3

(14)

system parameters lead to rapidly changing characteristics.On the
other hand, near ¸ D 0 the control authority of the plate is reduced
as lift goes to zero.

VI. Controllability
Controllabilityof the system is determined by the rank of Qc, the

controllabilitymatrix, for the various equilibria.For all of the equi-
libria shown in Fig. 3, Qc is full rank, and the system is controllable.
The most interesting result, however, is that the system is not just
controllable using all three control inputs (vertical and horizontal
thrust plus the tether attachment point location), but that it is also
completelycontrollablewith any single input, which means that the
thrust could be maintained at a constant level and the system con-
trolled purely by adjusting the probe attachment point. This action
reduces the complexity of the thruster system on the orbiter and
also means that for aerobraking maneuvers,11 where thrust is not
available, the probe can help adjust for variations in the density of
the atmosphere. The other possibility is to � x the attachment point
and vary the thrust levels on the orbiter. The problems with this
approach are two-fold. The thruster would need to be modulated
(which is generally not feasible with most thruster systems). It can
also lead to a situation where the orbiter must push on the tether to
change the probe attitude, which is unrealistic but arises from the
rigid tether assumption.

One caveat to the controllabilityanalysis is that these results are
valid only in a small region aroundthe equilibriumcon� guration for
thenonlinearmodel.Within this small region,and for the rigid tether,
these resultsare valid.Outside this region,and for the � exible tether,
the nonlinearities quickly build up, rendering the analysis suspect.
However, this analysis is still instructive in specifying the general
behavior of the tether in circular orbit.

VII. Sample Controller
A. Controller Design

Using the linear model a controller was generated for the tether
system already shown. The controller was designed using the lin-
ear quadratic regulator (LQR) method with full state feedback. As
the system was found to be controllable by any single input, we
chose to design the controller using the attachment point motion
as the sole input. Note that thrust is still required at the orbiter to
keep the system in circular orbit, but is left at the equilibriumvalues
of 212 N and 374 N in the x and y directions, respectively (see
Fig. 1). The large thrust levels are required to counter the drag in-
duced by placing the probe at such a low altitude (75 km in this
case). However, this is an altitude that could not be reached with-
out using lift from the probe. Also, the thrust requirement can be
reduced by maneuvering the probe to higher altitudes (using the
moveable attachment point) between sample passes.12

For the systemusedin the simulations(300-kmtetherwith ¸ D 0:5
at equilibrium), the states and controls are

x D [Rp µt µ p
PRp

PÁ Pµt
Pµp]T ; u D [¸] (13)

The initial linear equationswerepoorlyscaledand didnotprovide
a suitable solution for the Ricatti equation.Therefore, the equations
were normalized to rescale the problem. Lengths were divided by
the orbital radius of the probe Rp , velocities by the orbital radius
times orbital angular rate Rp

PÁ, and angular velocities by the orbital
angular rate PÁ. The angles were not rescaled, as they were already
of order one.

The normalized equations are
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a) Probe altitude

b) Tether libration angle

c) Probe angle

d) Attachment point location

Fig. 10 Controlled tether system response to initial disturbance: ——, linear, and - - - -, nonlinear.

and

B D

0

0

0

7:6e¡5

6:5e¡5

¡1:1e¡3

¡2:4eC2

(15)

We chose the following weight matrices for the normalized
system

Q D diag.108; 10¡1; 10; 1; 1; 1; 1/; R D [10] (16)

to satisfy the linear quadratic cost function

J D
1

2

1

0

.xT Qx C uT Ru/ dt (17)

Note that the weights were chosen to give priority to controlling the
altitude of the probe. The resulting controller gains for the original
unscaled system are

K D [8:4e¡4 ¡8:30 ¡4:36 0:13 1:1eC5 2:6eC3 ¡3:3eC2]T

(18)

B. Simulation Results
Figure 10 shows the results of a simulation of the system using

this controller.The initial perturbationwas an increase of the probe
altitude by 10 km (which represents 1.25 scale heights of the atmo-
sphere). The results from the linear model are shown as a solid line,
whereas the same controllerapplied to the simpli� ed nonlineartwo-
dimensionalmodel is shown as a dashed line. The attachment point
location is saturated at a value of ¸ D §1 for the nonlinear simula-
tion to providea more realisticsimulationof theactuatormechanical
limits. The controlleris able to rapidlybring the probe to the desired
altitude and is working to damp out the oscillations of the tether.
Note that the oscillations in the nonlinear model are much smaller
than in the linear model, probably because of additional damping
provided by nonlinear effects in the drag terms. Although there are
signi� cant residual oscillations in the tether angle, these are being
dampedout and representoscillationsin the orbiteraltitude.Overall,
the simulations show that the controller performs quite well.

C. Atmospheric Disturbances
To study robustness, the controller is applied to the nonlinear

system with atmospheric disturbances.The atmosphere is modeled
with the same exponential function, but with an exceptionallylarge
25% diurnal bulge effect. Figure 11 shows the results of this simula-
tion. As can be seen, the probe is still brought rapidly to the desired
altitude, with some residual oscillationscaused by the atmospheric
variationsthroughoutthe orbit.The oscillationsare less than§1 km.
Clearly, the controller is able to adequately control the system as
desired.
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Fig. 11 Effects of controller with 25% diurnal bulge disturbance.

VIII. Conclusions
The atmospherictether systemalways containsat least one unsta-

ble mode that must be controlled.The controllabilitytests show that
the system is controllable when using the probe attachment point
location and horizontal and vertical thrust at the orbiter. Also, the
system is still completely controllable when the attachment point
motion is the only control input and the thrust is left at the con-
stant equilibriumvalue. The linear controller design presented here
is able to adequately control the system, even with large distur-
bances and perturbations in the initial conditions. The mechanism
presented here shows great potential for the control of atmospheric
tether satellite systems.
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